The thermal conductance of interfaces plays a major role in defining the thermal properties of nanostructured materials in which heat transfer is predominantly phonon mediated. Ongoing research has improved the understanding of factors that govern interfacial phonon transport as well as the ability to predict thermal interface conductance. However, despite this progress, the ability to control interface conductance remains a major challenge. In this manuscript, we present a method to enhance and tune thermal interface conductance at vibrationally mismatched solid-solid interfaces. Enhancement is achieved through the insertion of an interfacial film with mediating vibrational properties, such that the vibrational mismatch at the interface is bridged, and consequently, the total interface conductance is enhanced. This phenomena is explored using nonequilibrium molecular dynamics simulations, where the effects of altering the interfacial film thickness, vibrational spectrum, and the temperature of the system are investigated. A systematic study of these pertinent design parameters explores the ability to enhance and tune phonon transport at both ideal (sharp) and nonideal (compositionally disordered) interfaces. Results show that interface conductance can be broadly enhanced by up to 53% in comparison to the vibrationally mismatched baseline interface. Additionally, we find that compositional disorder at an interface does not imply a deterministic change in interface conductance, but instead, that the influence of compositional disorder depends on the characteristics of the disordered region itself. These results, in contrast to macroscopic thermal transport theory, imply that it is possible to increase thermal conductance associated with interface scattering by adding more material along the direction of heat flux.
I. INTRODUCTION
Solid-solid interfaces are ubiquitous features found in all micro and nanostructures. However, in the context of phonondominated thermal transport, an interface presents an added site for phonon scattering and impedes the propagation of thermal energy. 1 This scattering is quantified in terms of a thermal interface conductance (h BD ), which poses a number of challenges in managing thermal properties and dissipating excess thermal energy on the micro and nanoscale. Thermal interface conductance is defined as
where q is the applied heat flux, T is the temperature drop due to the presence of an interface, and R BD is an equivalent thermal resistance. The fact that h BD has become the limiting thermal conductance (dominant thermal resistance) in a wide range of nanostructures has been extensively documented in the literature. 2 Interface conductance has been the subject of numerous studies with the objectives of better understanding and predicting interfacial thermal transport when phonons are the dominant energy carriers. 2 A major motivation for studying h BD stems from its governing role in determining both thermophysical and interdependent functional properties (i.e., electrical, optical, magnetic) in technologically relevant nanostructures. For example, h BD impacts the properties of superlattice structures, [3] [4] [5] including those used in semiconductor lasers, 6, 7 light emitting diodes (LEDs), 8 and other optoelectronics. 9, 10 A growing body of literature has also identified h BD as a critical factor in the design of thermal interface materials, 11 thermoelectrics, 12 phase change memory, 13, 14 superconducting thin films, 15 and various nanoelectronic cooling applications. 16 However, despite progress in understanding and predicting interfacial phonon thermal transport, the ability to control (greatly enhance and/or tune) h BD remains a major challenge. 17 To address this challenge, we present a method by which interfacial phonon thermal transport may be enhanced and tuned using a vibrational bridge. Specifically, we investigate an interfacial film, inserted into the interface, with mediating vibrational properties. Our findings indicate that selective design of the interfacial film to function as a vibrational bridge can reduce the effective T across an interface structure, and therefore enhance h BD . In this manuscript, we present the results of a systematic and comprehensive parametric study, performed using nonequilibrium molecular dynamics (NEMD) simulations. Furthermore, we investigate the phenomenon of enhancement of h BD at both ideal (sharp) and nonideal (compositionally disordered) interfaces.
The remainder of this paper is organized as follows. Section II describes the method for enhancing h BD and the interfacial film properties evaluated in the parametric study. Section III presents the details of the NEMD approach. In order to isolate the effects of vibrational mismatch and interface microstructure, we first investigate the enhancement of h BD at ideal (sharp) interfaces, and results are reported in Sec. IV. The parametric study is revisited in Sec. V along with consideration of nonideal interface structures, characterized by compositional disorder. In Sec. VI, we provide concluding remarks and discuss the implications of the achieved enhancement of h BD in the context of interfacial thermal transport theory.
II. ENHANCEMENT METHODOLOGY

A. Baseline interface structure
Throughout this study, all model materials have the facecentred cubic (fcc) structure. Vibrational properties of the modeled materials are controlled by altering the atomic mass, where the mass ratio R x,y between two materials comprising an interface is defined as
This technique has been frequently used in molecular dynamics (MD) studies of phonon thermal transport. [18] [19] [20] [21] [22] [23] Furthermore, it has been shown that the impact of cross-species interactions are more strongly governed by mass differences than by differences in bonding. 24 A baseline interface is constructed between two materials, A and B, which have an atomic mass of 40 and 120 atomic mass units (amu), respectively, and thus R = 3. This mass ratio is representative of several technologically relevant materials, including Si/Ge (2.6) and diamond/Si (2.3).
As a result of the A:B mass mismatch, the maximum phonon frequency (cutoff frequency) and distribution of phonon modes in materials A and B differ greatly. Figure 1 shows the phonon density of states (DOS) and dispersion in the direction perpendicular to the interface calculated via harmonic lattice dynamics 25 using the interatomic potential and parameters implemented in all NEMD simulations (see Sec. III). The difference in cutoff frequencies limits elastic (frequency conserving) scattering channels across the interface. In order for the energy associated with phonons whose frequencies are greater than ω B,cut (the maximum phonon frequency in material B) to traverse the interface, the phonons must scatter inelastically. As a result, with increasing vibrational mismatch, h BD is expected to decrease. 26, 27 
B. Interfacial film properties
The vibrationally mismatched and sharp A:B interface serves as the baseline interface. The proposed method for enhancing h BD seeks to bridge the vibrational mismatch at the A:B interface via an interfacial film (material C) with mediating vibrational properties (see Fig. 2 ). We hypothesize that the overall temperature drop across the entire interfacial region, now including a sandwiched film of material C, may be decreased, resulting in an effective increase in h BD . This hypothesis may appear counterintuitive on several points. Most notably, the temperature drop across a lengthier interface structure under an applied heat flux would traditionally be expected to increase, reflecting an increase in the total thermal resistance of the structure. Moreover, the insertion of additional interfaces typically causes an increase in thermal resistance. 3, 28 However, results in this study indicate that the added temperature drop due to diffusive thermal transport through the additional interfacial film material can be more than offset by the reduction in the temperature drop across the two newly formed interfaces.
Thermal transport properties of the interfacial film are expected to vary between two limits. In the limit as the interfacial film thickness approaches zero, the film is strongly influenced by confinement and interactions with the adjacent materials. As the interfacial film thickness increases, the enhancing interface structure transitions to that containing two independent interfaces, one between material A and C, and another between C and B, separated by an extended region of diffusive thermal transport through material C. In between these limits, there exists a number of complex interactions governing phonon thermal transport and scattering, where the wave nature of phonon transport is important due to the confined nature of the interfacial film and proximity of the two newly formed interfaces. With increasing film thickness, the combined conductance due to diffusive thermal transport through the interfacial film, in addition to the conductance at the two interfaces, is expected to fall below that of the baseline interface. As a result, the phonon mean-free path (MFP) and thermal conductivity (k) of the interfacial film composed of material C are expected to strongly influence the critical thickness at which the interfacial film no longer enhances, but in fact reduces, h BD .
C. Parametric study
We perform a systematic study of the dependence of h BD on the thickness and vibrational spectrum (via the mass) of the interfacial film. Initially, h BD is determined for the baseline interface between materials A and B. Subsequently, an interfacial film (material C) is inserted between the materials comprising the baseline interface and varied in thickness from 2 conventional unit cells (UC) to 16 in 2 UC increments. For each of the eight values of thickness, the vibrational properties of the interfacial film are systematically varied by changing the mass of atoms in the film between the values of 40 and 120 amu (the mass of atoms A and B) in 10 amu increments.
In addition to the simultaneous variation of these two factors, we also repeat the study at 10% and 50% of the crystal melting temperature (T m ). This upper limit is expected to bound the temperature range wherein the maximum enhancement of h BD can be realized based on preliminary simulations and the following reasoning. Above 0.5 T m , the thermal conductivities of material A and B are sufficiently low to ensure that the A:B interface is no longer the dominant factor limiting conductance of the sample structure considered in this work.
III. COMPUTATIONAL SETUP IN MD SIMULATIONS
The Lennard-Jones (LJ) potential is used to describe all interatomic interactions. While it cannot provide an adequate quantitative description of real materials except for systems composed of nonpolar molecules or noble gas atoms, the LJ potential is both computationally inexpensive and captures the general essence of anharmonic effects that govern scattering and thermal properties in the classical regime. As a result, many simulations have turned to this potential when investigating general effects in phonon thermal transport, rather than trying to recreate a specific material system. [20] [21] [22] [29] [30] [31] [32] [33] [34] [35] The LJ potential with a cutoff distance of 2.5σ is defined as
where σ is the distance at which potential energy is zero, is the depth of the potential well, which is related to the strength of bonding, and r ij is the separation between atoms i and j . The potential parameters used in this study are σ = 3.37Ȧ and = 0.0503 eV. A cutoff distance of 2.5σ was used in all simulations, beyond which atomic interactions are ignored.
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A time step of 2 femtoseconds was used in all MD simulations, which was sufficient to ensure energy conservation in all simulations.
In the subsequent discussion, temperature and thermal conductivity values are presented in reduced LJ units defined as shown in Table I with a reference mass m of 40 amu. Below, the asterisk will be dropped, and each of these quantities will be presented in reduced units unless otherwise stated. As a point of reference, the melting temperature of the LJ materials in this study correspond to a reduced temperature of ∼0.5.
21 Therefore the two temperatures explored in this study, 0.1 and 0.5 T m , correspond to reduced temperatures of about 0.05 and 0.25, respectively. Similarly, h BD is presented in a normalized form with respect to the baseline h BD value at either 0.1 or 0.5 T m . The absolute values of h BD in this study are not immediately transferable to any real material system. 
Instead, normalization provides a self-consistent framework to examine the relative change in h BD throughout the parametric study.
A. Computational domains
In all simulations, the computational domains contain 11,520 atoms and are 6 × 6 × 80 UC in the x, y, and z dimensions (31.62Å × 31.62Å × 421.6Å, pre-equilibration). To investigate the hypothesis outlined in Sec. II B, two crystals (A and B) are joined to form an interface with a square cross section (dimensions along the x and y axes) oriented such that the [100] crystallographic direction is extended along the z axis. The resulting interface serves as the baseline interface and is shown in Fig. 2 
(a).
An interfacial film is then inserted whose atomic mass and thickness are systematically varied. The length of material A and B in the z direction is reduced in equal amounts as the thickness of the interfacial film increases. In this manner, the total length of the computational domains along the z axis remains fixed at 80 UCs for all simulations in this study. An example of an enhanced interface structure is shown in Fig. 2(b) . In each computational domain, the dark red atoms indicate the hot bath and the dark blue atoms indicate the cold bath, through which energy is added and removed from the computational domain, respectively. The black atoms serve as a rigid-wall boundary. The 80 UC dimension along the z axis adds considerably to the computation costs of the parametric study and is comparatively large for the study of h BD via LJ crystals. However, this domain length is chosen to ensure that even at the maximum interfacial film thickness (16 UC), the remaining portions of material A and B along the z axis (27 UC each) are still generously outside the regime wherein size effects and the presence of baths would influence measured h BD values. Size effects are discussed further in Sec. III C.
B. Nonequilibrium configuration
Initially, the system was equilibrated at a predefined temperature via a velocity scaling routine (either 0.1 or 0.5 T m ) and zero pressure maintained by a Berendsen barostat. 37 During the initial equilibration and subsequent NEMD simulations, periodic boundary conditions were applied in the x and y dimensions. Once equilibration was complete, an NEMD routine was implemented in order to establish a temperature gradient within the system. The addition of energy to (or removal from) the baths at either end of the computational domain was performed in a similar fashion to the procedure outlined in Ref. 38 for energy exchange between electronic and lattice systems in simulations of short pulse laser heating of metals. This routine slightly alters the forces acting on an atom, depending on the amount of energy to be added or removed. The total force acting on atom i is given by
where m i is the mass of the atom, v T i is the thermal velocity of the atom, and ξ is a scaling factor. This scaling factor is expressed as
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where t is the time step used in the MD integration of the equations of motion, E is the amount of energy to be added to or removed from the bath per time step, and K T is the total thermal kinetic energy of the bath. A constant thermal flux of 0.285 GWm −2 was added to the hot bath and removed from the cold bath at every time step during NEMD simulation. To ensure the bath regions were not perturbed far from equilibrium, they were sized such that the energy added to or removed from the baths in one time step was less than 1% of the bath kinetic energy. In all simulations, 8 monolayers per bath were sufficient to satisfy this constraint. This constant-energy approach was preferred over maintaining the baths at constant temperatures because the applied heat flux was exactly known and not subject to fluctuations. Simulations ran for 6 million time steps for a total simulation time of 12 nanoseconds.
During nonequilibrium heating, the system was divided into 80 equally sized slices along the z axis in order to calculate a spatial temperature profile. The temperature of each of these slices was determined using the relationship
where N P is the number of atoms in a particular slice P , and k B is Boltzmann's constant. Each slice contained 144 atoms. Linear least-squares fits (LLSFs) of selected temperature slices versus simulation time were made for discrete time intervals during the simulation. The slopes of these LLSFs were used to monitor the establishment of a steady-state regime, as indicated by convergence of the slope to values oscillating around zero. Once in a steady-state regime, the time-averaged temperature of each slice was calculated and a LLSF was applied to calculate the spatial temperature gradient in each material. In theory, researchers calculate h BD using Eq. (1) by evaluating T at the interface from the difference of the LLSFs in each material. In practice, however, a variety of techniques have been adopted in choosing the regions included in the LLSF and the offset from the interface over which T is defined. The first few slices near baths and interfaces are frequently ignored due to nonlinear behavior in these regions. As a result, the absolute values of T and thus h BD are not generally comparable between NEMD studies. In this study, we make an effort to define T in a self-consistent manner, where the slices to be ignored in the LLSF are determined by considering the spatial temperature gradient (thermal conductivity) given by each LLSF with respect to known bulk thermal conductivities calculated from an independent set of simulations. This simultaneously enforces two best practices. First, the leads of material A and B in the z direction are long enough to return bulk thermal conductivity values, such that size effects are negligible, and second, the temperature gradient is linear (i.e., a reasonable flux is chosen and Fourier's law is applicable).
This approach is outlined in Figs. 3(a) and 3(b), where the same offset from the interface, shown by the hatched regions, was considered across the parametric study for varying interfacial film thicknesses to ensure that T was evaluated in a self-consistent manner. the entire interface structure was determined and interface conductance was calculated using Eq. (1).
Three raw temperature profiles drawn from the 0.1 T m study are shown in Fig. 4 , including (a) the baseline interface, (b) an enhanced, sharp, interface, and (c) an enhanced, compositionally disordered, interface. Solid black lines show the LLSF in each material. Note that the fits in (b) and (c) are each offset 3 additional UCs from the middle of the computational domain to account for the added 6 UC interfacial film. Therefore the temperature drop across the inner edge of each LLSF in (b) and (c) extends over a lengthier distance including the material forming the interfacial film. Compositional disorder causes a more gradual temperature drop near the interface, as compared to the abrupt temperature drops seen at the sharp interfaces in (a) and (b).
C. Finite size effects
If the dimensions of the computational domains are too small, confinement can significantly alter the phonon properties of the system and any trends assessed from MD simulations. 39 As a result, size effects were investigated by two methods at 0.1 T m where any size effects should be most pronounced due to longer phonon MFPs. First, several domain sizes were investigated to confirm that pertinent phonon properties are independent of the system size. The results are shown in Fig. 5 , which plots h BD from five independent simulations of (a) varying domain lengths and (b) cross section widths. Baseline interface simulations down to 40 UC in length along the z axis repeatedly produced h BD values, which fell within the uncertainty of those determined from the 80 UC domain, as shown in Second, the occupied phonon DOS were calculated and are shown in Fig. 6 for the x, y, and z directions at both 0.1 and 0.5 T m for material B, as it contains more low-frequency, longwavelength modes. The DOS is measured from a homogenous domain of material B, which is 6 × 6 × 80 UC. In principle, the phonon DOS is calculated by taking the Fourier transform of the velocity autocorrelation function of an ensemble of atoms located in each crystal. In practice, however, the DOS is commonly estimated from the power spectral density. In order to calculate the power spectral density, the velocities of 100 atoms of the same material are stored during each time step of the simulation to provide a time series which spans 36,864 time steps. The power spectral density is then computed using a Welch function with eight 50% overlapping time series each containing 8,192 points. 40 After multiplying each time series by a corresponding Hamming window, the 
035438-5
fast Fourier transform is computed and the times series are ensemble averaged to provide the final estimation of a signal proportional to the occupied phonon DOS.
In Fig. 6 , the phonon DOS in each of the three directions are indistinguishable. Throughout the parametric study, the computational domains are only 6 UC in the x and y dimensions, while the A and B crystals are considerably longer (27 UC in the shortest case in this study). The lack of distinct features in the DOS between the three directions indicates that 6 UC dimensions are large enough to produce the bulk phonon properties, which contribute substantially to thermal transport at these temperatures. Additionally, the cutoff frequencies of both materials agree with those predicted by harmonic lattice dynamics presented in Fig. 1 . At higher temperatures, there is also a distinct broadening of the DOS associated with anharmonic effects, which dampen the phonon modes and cause a shift to lower frequencies. 41 
IV. ENHANCEMENT AT SHARP INTERFACES
The results of the parametric study at 0.1 and 0.5 T m are shown in Figs. 7(a) and 7(b), respectively. The contour plots are constructed by interpolation of a grid of data points obtained in simulations performed with different values of interfacial film thickness and atomic mass. To assess the repeatability of the results, five independent simulations were performed for each parametric combination in the study. The resulting mean and standard deviation values are tabulated in Tables III and  IV in the Appendix for the 0.1 and 0.5 T m studies, respectively.
A. Low temperature (10% of melting temperature)
In the lower-temperature study, the boundary cases of 40-amu and 120-amu interfacial films at each thickness are closely related to the baseline interface. In these cases, the interfacial film is composed of entirely material A or B. These boundary cases were included to serve as a connection between the enhanced and baseline interface structures. They return nearly the baseline h BD value (1.0) providing added validity to the sharp jump in h BD exhibited between the 40 and 50 amu as well as the 110 and 120 amu cases. The departure from h BD = 1.0 with increasing interfacial film thickness at mass values of 40 and 120 amu is due to the additional length of higher (material A, 40 amu) or lower (material B, 120 amu) thermal conductivity material contributed by the interfacial film, whereas in the baseline case, equal amounts of both materials exist symmetrically about the interface (see Fig. 2 ).
Compared to the baseline h BD value, varying degrees of enhancement are seen across all interfacial film thicknesses at 0.1 T m . A maximum enhancement of approximately 23% is realized when the interfacial film mass approaches the average of the masses of material A and B. Moreover, the degree of enhancement exhibits a repeatable and symmetric dependence on the interfacial film mass (i.e., vibrational properties). The symmetric and inverse parabolic dependence on mass alludes to tunability. In so much as the vibrational properties of the interfacial film can be chosen, the enhanced structure can be tuned to exhibit certain degrees of enhancement.
There is only a weak dependence on the interfacial film thickness, which is attributed to the comparatively large MFP and resulting thermal conductivity of the three materials at The results of the higher-temperature study are summarized in Fig. 7(b) . In the case of the thinnest interfacial film (2 UC), the enhancement of h BD is minimal (<5% at best). The reduction in h BD with increasing interfacial film thickness indicates the dominance of diffusive thermal transport in the interfacial film and reduction in the phonon MFP at higher temperatures. It is apparent that the reduction in thermal 035438-6 conductivity and phonon MFP limit the benefits offered by the vibrational bridge in the form of the interfacial film.
As shown in Fig. 3(c) , thermal conductivity of the simulated materials is nearly an order of magnitude lower at 0.5 T m than at 0.1 T m , which corresponds to a nearly equal reduction in the phonon MFP. Using kinetic gas theory, thermal conductivity can be expressed as
where c v is volumetric heat capacity, v is the phonon group velocity, and l is the phonon MFP. The reduction in k and associated change in MFP can be better understood by examining each component in Eq. (7). In a classical and harmonic system, the kinetic and potential energies associated with each degree of freedom are making the same contribution of 1/2 k B to the heat capacity of the system. Therefore, in a three-dimensional system, c v = 3Nk B ρ, where N is Avagadro's number and ρ is molar density. The equipartition between kinetic and potential energies is not exact for systems described by anharmonic interatomic potentials and the deviation from the harmonic approximation is increasing with increasing temperature. However, the anharmonic effects on heat capacity are generally small, 41 and decrease the heat capacity only minimally with increasing temperature in fcc LJ crystals. MD studies have showed that c v at 50% of the melt temperature is ≈ 95% of the classical and harmonic prediction. 42 Therefore, at 0.5 T m , the heat capacity cannot account for the large change in k. Similarly, any change in group velocity would be evident in the fully anharmonic dispersion relation calculated directly from the MD simulations 43, 44 and shown in Fig. 8 along with the harmonic dispersion relation 25 for comparison. The primary anharmonic effect is a reduction (scaling) of the dispersion curves while the curvature remains almost the same. Because phonon group velocity is derived from the slope of the dispersion curves, anharmonicity has a negligible impact on phonon group velocity.
Finally, the half an order of magnitude reduction in k can be attributed directly to the reduction in the phonon MFP. The shorter MFP indicates a drastic increase in phononphonon scattering rates, which indicates that phonon thermal It is worthwhile to summarize the implications of the enhancement of h BD in this parametric study. The ability to enhance h BD indicates that for a fixed heat flux and length of materials A and B along the direction of applied heat flux, the temperature drop across a lengthier sandwich structure of materials A and B with an interfacial film in between can be lower. This salient result implies, in contrast to macroscopic thermal transport theory, that the addition of more material forming a vibrational bridge can reduce thermal resistance associated with an interface.
C. Phonon properties of enhanced interface structures
The substantial enhancement of h BD shown at 0.1 T m may be better understood by examining the occupied phonon DOS measured directly from the MD simulations. Figure 9 (a) shows the bulk occupied DOS for material A and B at 0.1 T m along with the overlap between them. Subsequently, the DOS is independently resolved in the x, y, and z directions for the 72 atoms of material A and B, which reside in the monolayers on either side of the baseline interface. In comparison to the bulk-occupied DOS, this resolution of directionally dependent and local occupied DOS demonstrates that the phonon properties are perturbed in the monolayers near the interface. In Fig. 9(b) , only the occupied DOS in the z direction is shown for clarity. The DOS in these monolayers show a massive redistribution of modes due to the presence of the interface and interactions beyond first-nearestneighbor (NN) atoms including those residing in the adjacent (dissimilar) material. The redistribution of phonon modes in the monolayers adjacent to the interface is evidence of the existence of an interfacial transition layer. Such a layer has been shown to perturb the local vibrational properties adjacent to an interface, giving rise to intrinsic resonant modes 45 and enhanced phonon transmission. 46, 47 This results in a DOS overlap at the interface spanning a much larger range of frequencies than is predicted using bulk phonon properties. Similar restructuring of phonon properties near an interface and the impact on h BD have been shown in MD studies of solid-liquid interfaces. 48 Due to the confined nature of the thinnest interfacial films, as well as the perturbation to phonon properties near each interface, the wave nature of phonons becomes important to consider. Coherent effects and phonon interference arising from these mechanisms are difficult to quantitatively assess using an a priori analytical expression. Instead, we examine the occupied, directionally dependent, and monolayer-resolved DOS for the enhanced interface structures to gain insight into the phonon properties at the interface that give rise to the enhancement of h BD .
For example, enhancement of h BD in the presence of the interfacial film can be understood by examining the spatially resolved DOS in the monolayers adjacent to the A:C interface for the most enhancing structure ( Fig. 10(a) . The added overlap in DOS at the A:C interface is shown as a hatched region. The added overlap (increased density) of phonon modes between 1.5 and 4 THz increases elastic scattering channels and therefore phonon transmission at the interface.
In the context of thermal transport, this alteration to DOS, especially along the direction of thermal flux, lends insight into the enhancement of h BD achieved with an interfacial film. The perturbation to the local DOS can be optimized to spread the difference in vibrational properties, which formerly occurred at a single interface (plane), across a few monolayers near the interface, over which phonon DOS and dispersion are perturbed. For phonons to scatter, they must coincide in both space and time. By inserting an interfacial film with mediating vibrational properties, this spatial constraint is relaxed and phonons have added volume (two interfaces) over which frequency up-or down-conversion may occur. A functionally graded phonon DOS is therefore created across the interfacial region by adding an interfacial film, which is better vibrationally matched to materials A and B than materials A and B are to one another.
To quantitatively assess the degree of overlap and conditions for optimal enhancement, we calculate the absolute value of the difference in DOS of the monolayers adjacent to each interface (A:C and C:B), and integrate the resulting area DOS Overlap Area x,y = |DOS x (ω) − DOS y (ω)| dω. (8) 035438 -8 This metric is shown for the 8 UC thick, 80 amu, interfacial film at 0.1 T m in Fig. 10(b) . In the case of a 40 amu interfacial film mass, the A:C interface is nearly perfectly matched, with the direct result that the C:B interface exhibits a maximum vibrational mismatch. The converse is true in the case of the 120-amu interfacial film mass. By assessing the sum of the integrated area associated with both the A:C and C:B interface, a trade-off is found where the vibrational mismatch is optimally distributed between the two interfaces. The inverse parabolic trend of the total area curve in Fig. 10(b) closely resembles the functional dependence of h BD on interfacial mass, as shown in Fig. 7(a) . This provides further evidence that the functionally graded phonon DOS in the interfacial film can be optimized to bridge the mismatch in phonon properties at the baseline interface.
V. ENHANCEMENT AT COMPOSITIONALLY DISORDERED INTERFACES
Having investigated sharp interfaces, we also consider whether or not similar enhancement of h BD can be realized at nonideal interfaces characterized by compositional disorder. To evaluate the role of compositional disorder at interfaces, each of the sharp A:C and C:B interfaces in the domains were modified in the following manner. Atomic mixing was introduced by statistically describing the distribution of atom type over a finite distance (±z) from the location of each sharp interface (A:C and C:B). A series of bounded univariate probability distribution functions were used to model atomic mixing, which provide control over the spatial extent and composition gradient in the mixing layer. A log-ratio Laplace distribution was selected for this study because it provides a closed interval space that does not extend to ±∞. Additionally, the shape of this distribution function is characteristic of many composition profiles obtained for AES and XPS line scans across interfaces where h BD has also been experimentally measured. 49 To construct the distribution function, a log transformation is used to transform a domain variable y with unbounded limits (−∞ < y < ∞) to a new domain, x, bounded between lower and upper limits η L and η U (η L < x < η U ), where
The new transformed variable serves as the input to the standard Laplace distribution function H (x), 50 ,51
where β is a location parameter (−∞ < β < ∞), and α is a scale parameter (α > 0). Plots of the log-ratio Laplace distribution function for several values of α are shown in Fig. 11(a) . The β parameter was set equal to zero throughout this study, which ensures that the distribution function evaluates to 0.5 at the midpoint of the mixing layer (x = 0 in Fig. 11(a) ). Atomic mixing at each interface was introduced using the distribution function to describe the probability that an atomic site is occupied by a particular atom type, with ±η equal to the number of unit cells perpendicular to the interface where the mixing layer was bounded. A schematic demonstrating the probability of each atom type across a compositionally disordered interfacial film structure is shown in Fig. 11(b) . Three nonideal interface structures were studied, which are referenced with regard to their degree of compositional disorder as low, medium, and high. The constructed computational domains are shown in Fig. 12 for two different interfacial film thicknesses. The corresponding parameters and metrics of disorder are provided in Table II for each structure. The percent misplaced atoms quantifies the number of "wrong" atoms on atomic sites with respect to the sharp structures in the volume extending ±η UC from the A:C and C:B interfaces. To ensure that each interface structure was evaluated in a self-consistent manner, the same arrangement of atoms in the compositionally disordered regions was used for varying thicknesses of the interfacial film for a given degree of order. The parametric study described previously was repeated for these compositionally disordered domains, and three independent simulations were performed across the parametric study to assess the repeatability of results.
A. Low temperature (10% of melt temperature)
Results at 0.1 T m show a stronger degree of h BD enhancement in both the low and medium disorder cases in comparison to the sharp interface results in Sec. IV. The greatest degree of enhancement is found in the medium disorder case which approaches 53% for the 2-UC-thick interfacial film over the baseline interface, which is an additional 30% improvement over the comparable sharp interface. The 4-and 6-UC interfacial films show similar enhancement of ∼50% in the case of an 80 amu film mass. These results are summarized in Fig. 13 for the case of a 6-UC-thick interfacial film. The results for other film thicknesses are tabulated in Table III in the Appendix.
The highly disordered interface does not improve upon its sharp counterpart, but does not reduce h BD significantly either. In comparison to these less aggressive levels of disorder, the high-disorder case creates a more abrupt transition in atomic composition, which has been shown experimentally to result in comparatively lower h BD values. 49 Accordingly, this abrupt transition region more heavily scatters phonons near the boundary of the compositionally disordered region.
These results may be interpreted by considering the difference in phonon scattering between the sharp and compositionally disordered interfaces. In the case of an ideal, sharp, and vibrationally mismatched interface, phonons that exist above the lower cutoff frequency of the two materials, if they are to propagate across the interface, must scatter across the interface plane. Conversely, a mixing region provides an added volume for phonon frequency up-or down-conversion in which phonons scatter during diffusive thermal transport, and in doing so, access intermediary vibrational frequencies, which bridge the phonon DOS of the two materials comprising the interface. This phenomena is shown in Fig. 14 , which plots the monolayer-resolved occupied DOS in the z direction for a medium-disordered A:C interface. Compared to the baseline interface, the medium level of disorder adds substantially to the overlap in DOS as shown by the hatched region. It is apparent that at 0.1 T m , while disorder may improve the enhancement, the spatial extent and severity of compositional disorder determines the ultimate change in h BD . Therefore we conclude that the presence of compositional disorder at an interface does not imply a deterministic change in h BD , and that the specific characteristics of the disordered regions determine any impact on h BD .
B. High temperature (50% of melting temperature)
At 0.5 T m , the interfacial film tends to produce a reduction in h BD . The general reduction in h BD is attributed to the reduction in k and the phonon MFP as was discussed in Sec. IV B for the case of the sharp interface at 0.5 T m . The mixing layer with bridging vibrational properties cannot be utilized as efficiently because the limiting factor, as in the case of the sharp film at 0.5 T m , becomes the shorter intrinsic MFP and limited thermal conductivity. Additionally, preliminary simulations of the low-disorder case produced h BD values, which were statistically indistinguishable from the sharp counterpart due to larger uncertainties at higher temperatures. As a result, no further simulations of the low-disorder case at 0.5 T m were completed. The results of the 0.5 T m study are tabulated in Table IV in the Appendix. 
VI. SUMMARY
In this manuscript, we investigate a method by which h BD may be broadly enhanced and potentially tuned at vibrationally mismatched solid-solid interfaces. A parametric study is performed to provide a holistic description of the enhancing phenomena. The study explores the impact on h BD of four parameters, including (1) temperature, (2) the vibrational spectrum of the interfacial film, (3) the thickness of the interfacial film, and (4) compositional disorder in the interfacial region.
(1) Both the sharp and compositionally disordered interface results exhibit a strong dependence on temperature. As shown in Fig. 3 , between 0.1 and 0.5 T m , the thermal conductivity of materials A and B lie in the regime where Umklapp phononphonon scattering dominates. Between 0.1 and 0.5 T m , there is a transition from a large degree of enhancement shown at lower temperatures, to progressively lower enhancement, which scales with the reduction in MFP at higher temperatures. This transition is due to the effective thermal conductance across a multiple interface structure depending on both interface conductance and thermal conductivity in the region between interfaces. With increasing temperature, the reduction in k by nearly half an order of magnitude significantly limits any enhancement offered by the interfacial film.
(2) In nearly all simulations demonstrating enhancement, h BD exhibits an inverse parabolic dependence on interfacial film mass. The vibrational properties of the interfacial film are optimized for enhancement of h BD when the atomic mass of the interfacial film is nearly the average of the masses of the materials comprising the baseline interface, a condition similar to Debye temperature matching. 21 ( 3) The dependence of h BD on interfacial film thickness is strongest when the thermal conductivity of the interfacial film is comparatively low (i.e., at high temperature), which causes a rapid reduction in enhancement with increasing interfacial film thickness. Because temperature-dependent thermal conductivity and phonon MFP determine the maximum thickness where enhancement is observed, it is likely that an interface designed to enhance h BD at a set temperature could perform worse than the baseline interface if operated at an off-design temperature.
The maximum enhancement at sharp interfaces lies in between the thinnest film, which is extremely confined, and the thick films, where the added thermal resistance associated with diffusive thermal transport through the interfacial film outweighs the enhancement provided by the vibrational bridge. However, when considering interface disorder, maximum enhancement tended to exist at thinner interfacial film thicknesses.
(4) We find that compositional disorder at an interface does not imply a deterministic change in h BD , as has been alluded to in previous studies. Instead, a lower level of detail prescribes whether enhancement to h BD is observed, including the thickness of the mixing layer associated with disorder, as well as the sharpness of the composition profile across the mixing layer. We observe that increasing the volume of the mixing region eventually causes reduction in h BD . Compositional disorder at 50% of the melting temperature is shown to strongly reduce h BD at higher temperatures. As has been shown in previous studies, however, at low temperature, disorder can strongly enhance h BD . 52 At these temperatures, the sharpness of the change in atomic composition at an interface is also shown to strongly influence h BD . We find that a more gradual spatial change in composition at an interface results in greater h BD enhancement.
Our results suggest that while increased DOS overlap at an interface is generally associated with increased h BD , the presence of a compositionally disordered mixing region impacts the relationship between DOS overlap and h BD . Therefore disorder can lead to either enhancement or reduction in h BD . For sharp interfaces, important modifications to vibrational properties and phonon scattering associated with the presence of an interface are localized to the monolayers adjacent to the interface. Subsequent to scattering at an interface, phonons are more likely to travel away from the perturbed interface region before scattering again. In this case, we observe a direct increase in h BD with an increase in DOS overlap due to increased elastic scattering channels at the interface. This relationship is evident when comparing the similar inverse parabolic dependence of the overlap in DOS on interfacial film mass in Fig. 10(b) with the inverse parabolic dependence of h BD on interfacial film mass in Fig. 7 . The interfacial film mass for which the maximum increase in h BD is observed is the same value (70 to 80 amu) where the maximum overlap in DOS is observed. Furthermore, for the compositionally sharp interfacial film in Fig. 4(b) , the temperature drop at each interface is well defined, suggesting that the effects of interface scattering are localized at the abrupt temperature drop.
However, in the case of compositional disorder, modifications to phonon scattering associated with the presence of an interface are no longer localized to a plane at the interface, but extend over a volume dependent upon the spatial extent of the mixing region. This is clearly seen in the temperature profile of the medium disorder interfacial film in Fig. 4(c) where abrupt temperature drops are not observed. Additionally, in the 0.1 T m study of the high-disorder interfacial film, although a significant DOS overlap increase was found within the mixing region similar to that in the medium-and low-disorder cases, no corresponding increase in h BD was observed. This suggests that the MFPs of the dominant phonons contributing to thermal transport are important in determining the spatial extent and severity of disorder, which lead to either enhancement or reduction in h BD .
In conclusion, an interfacial film with mediating vibrational properties may enhance h BD by up to 23% in ideal (sharp) interface structures and 53% in nonideal (compositionally disordered) interfaces. As discussed, the temperature, MFP, and phonon DOS in the vicinity of an interface are important factors in the enhancing phenomena. Therefore we expect the degree of enhancement to be dependent on both the materials comprising the interfaces as well as interface bonding, 53 where materials with a larger intrinsic phonon MFP can be expected to exhibit even greater degrees of enhancement than those reported here for fcc LJ solids. In cases where h BD is the dominant factor limiting total conductance, we find that, in contrast to macroscopic thermal transport theory, the temperature drop across a lengthier interface structure can in fact be smaller. This implies that additional material forming an interfacial film can reduce the thermal resistance associated with an interface. 
APPENDIX: SUMMARY OF MD SIMULATION RESULTS
